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We expand a result of Blatt, concerning the strong uniqueness constants of
uniform best approximations on [ —1,1].  © 1989 Academic Press, Inc.

Let X be compact, /e C(X), and V be a subspace of C(X), the space of
all real-valued continuous functions on X. Let ve V' be a best uniform
approximation to fe C(X), i.e, a best approximation with respect to the
uniform norm

il = lIrll x := max {r(x)|.
xeX

v is then called a strongly unique best approximation to f, if thereisa y >0
with

Nf=wizlf—ovll+ylv—w| forall weV. (1)

The largest constant satisfying (1) is called the strong uniqueness constant
»(f) and (see [2])

(f)=  inf sup (sgn r(x)) w(x), (2)

weV, ‘wl=1 xe E(r)
where r=f —v and

E(r):={xeX:|r(x)|=rl}.

Following [5] we define for a Banach space E and a subspace U< E

AU, E):=inf{||p|l: p: E— U is a projection }.
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THEOREM 1. Let v be a strongly unique best approximation to f. Then
< (V| E(r)s C(E(r)))

ST cn)
Progf. By (2)
7(f)<we Vir}»{::l Wl gy

= (sup{lIwll: [wll g,y <L we ¥}~
Let T: C(E(r)) - Vg, be any projection. Define ¢: V., — V by
¢(W|E(r))= w.

¢ is well defined, since otherwise there is a we V with ||w| =1 and
Wl = 0, contradicting y(f) > 0. Define for fe C(X)

S(f) = (T | 1))
Then
AV, < ISI< gl [TI<y() =" ITI.
Thus
AV, CX)) <) AV | sy CLE(r))):

This proves Theorem 1. ||
COROLLARY 1. Let V=1II,, X=[a,b], and |E(r)) =m+n+1. Then

. 1+ﬂ n?
/(f)=/n(f)<@(n+—1)'z-

Proof. Since dim I1,|z,,=n+1 and dim C(E(r))=n+m+1, we get
from 5, p.341]
—_—

. n+1 V(n+m)n+1) )
)'(Hn“:'(r)’C(E(r)))<<n+m+1+ n+m+1 \/’;

<1+ /m.

It is a well-known resuit (see, e.g., [6]) that

iV, C(X))?%log(n+ ).

Thus the result follows from Theorem 1. |
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This is sharper than a result of Blatt [1]. Furthermore, the proof is
easier, since we used the functional analytic result of Konigetal in
Theorem 1.

COROLLARY 2. Let fe C®[a, b], and assume that ™V has o(log(n)?)
zeros in [a, b] (as n— o). Then

lim inf y,(f) =0. (3)

n-—» w0

Proof. With the equioscillation theorem [6] and multiple application
of Rolle’s theorem, one can see that

|E(r,))| = n+ o(log(n)?),

where r, denotes the error function of the best approximation with respect
to II,. The result follows now from Corollary 1. |

Corollary 2 gives a partial answer to a question which was raised by
Poreda [7]. It has been conjectured in [4], that all nonpolynomial
feC(X) satisfy (3). A further result in this direction can be found in [3].
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